The overall planning process undertaken by a bus company is traditionally composed of five sub-processes: timetabling, vehicle scheduling, maintenance scheduling, crew scheduling, and crew rostering. Solving the full optimization problem is believed to be computationally intractable, and therefore in practice the five sub-processes are usually optimized in sequence. In this paper, we present a model that integrates the problems of vehicle scheduling and maintenance scheduling. The objective is to minimize the differences in mileage between buses, the total distance traveled, and the daily differences in the number of maintenance tasks. We propose a heuristic algorithm using the framework of greedy randomized adaptive search procedure (GRASP), and we improve the neighborhood search procedure by using an ordered list of possible trips. We compare the neighborhood search procedure with and without this mechanism and show that the ordered list reduces the number of neighbors to be checked by more than 95%, and it reduces the time to obtain solutions of the same or better quality by an average of 70%. Through computational experiments on instances generated from real-world data, we show that the proposed algorithm finds solutions that are as good as or better than those obtained by a commercial solver in less than 5% of the time required by the latter.
Introduction
The operational planning process of a bus company is composed of several recurrent tasks that are traditionally performed in sequence. Figure 1 shows the relationship between these operational planning tasks in a bus transport company. Integrating all these planning processes would be highly complex, so in practice they are planned sequentially by different sectors of the company (Naumann et al., 2011) . In this paper, we consider the integration of two of these steps: vehicle scheduling and maintenance scheduling. Although the optimization of these two steps in sequence is computationally easier, the sequential approach provides an overall suboptimal solution. In the worst case, the bus schedule may fail to satisfy the maintenance constraints of an otherwise feasible problem (Papadakos, 2009) .
Buses, as with any machine, have an expected usable time range. However, if a bus is overloaded with work, the usable lifetime is reduced and the bus will have to be replaced earlier than expected. In fact, the travel distances of actual buses vary considerably, as can be seen in the example in Fig. 2 . The figure shows the annual travel distances of buses in 2014 for a company Viação Garcia, which is one of the five biggest bus transportation companies in Brazil. It was founded in 1934 and currently has a fleet of more than 500 buses, whose total travel distance is about 5.5 million kilometers per month. From the figure, we can observe that some buses have traveled less than 20,000 km, whereas others have traveled more than 200,000 km. In the model presented in this paper, we consider a quadratic penalty function for traveled distances greater than the ideal traveling distance so that buses need not be replaced earlier than expected. Bus maintenance can be divided into four categories: daily inspection, preventive maintenance, corrective maintenance, and predictive maintenance. Daily inspection consists of a list of items that need to be checked before starting a trip. This type of inspection does not require any specialized facility and can easily be executed by the driver. Corrective maintenance is executed if a bus has an unexpected breakdown. Because of the random nature of this maintenance, it cannot be scheduled in advance. A breakdown during a trip is extremely disruptive and costly, both financially and (arguably more importantly) reputationally. Predictive maintenance consists of operations that help to check the condition of in-service equipment, such as the fuel indicator and the check engine light. Although both preventive and predictive maintenance can be scheduled, we focus here on preventive maintenance because of the online characteristics of predictive maintenance.
The amount of daily preventive maintenance that can be executed at a maintenance facility is limited by the number of employees and the capacity of the facility. In real-world situations, if there are insufficient workers at a facility to accomplish all the daily maintenance tasks assigned to that facility, it is common either to call upon expensive part-time workers or, in the worst case, to postpone some maintenance tasks. Figure 3 shows the number of maintenance tasks scheduled at a facility for each day of a year. On some days, the facility is used beyond its standard capacity, whereas on other days the labor is wasted. In our model, we quadratically penalize the number of maintenance tasks in excess of a planned number.
First, we formulate the problem as a quadratic programming (QP) problem and investigate the size of problem instances that a commercial solver can handle. We then propose a heuristic algorithm based on the framework of greedy randomized adaptive search procedure (GRASP), which is a well-known metaheuristic framework that repeats applying local search to solutions generated by randomized greedy methods (Feo and Resende, 1989) . Our GRASP uses two different greedy algorithms to generate initial solutions. Next, we show how to improve the neighborhood search by using an ordered list. Finally, we present computational results for several instances that were randomly generated based on real-world data so as to simulate actual bus transportation systems.
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Literature Review
Any transportation company that has to assign buses to cover a given set of timetabled trips is faced with the problem of bus scheduling. Such a schedule must take several practical requirements into consideration, such as vehicle type, multiple depots, and other extensions. In the literature, an optimal schedule is one that minimizes the fleet size, the deadhead time/distance, and/or the operational costs.
Vehicle scheduling has been studied extensively over the past 40-50 years. Various papers give overviews of the models and solution approaches that are adopted (see Bodin and Golden (1981) , Daduna and Paixão (1995) , Bunte and Kliewer (2009) and Wren et al. (2003) ). Further considerations such as robustness and the integration of vehicle and crew scheduling are addressed by papers such as Békési et al. (2009) and Mesquita et al. (2009) . Various practical extensions are also considered, such as multiple vehicles types (see Hassold and Ceder (2014) ), which is NP-hard even for the single-depot case (see Lenstra and Rinnooy Kan (1981) ), variable arrival and departure times (which is NP-hard even for one vehicle and one depot; see Savelsbergh (1985) ), and route constraints (see Bodin and Golden (1981) ).
The single depot vehicle scheduling problem (SDVSP) is known to be solvable in polynomial time (Bunte and Kliewer, 2009 ). The minimum fleet size for the single depot case was first solved by Saha (1970) ; however, the model does not consider the operational costs. The problem with operational costs was later solved by Orloff (1976) , where the SDVSP was formulated as an assignment problem.
The multi-depot vehicle scheduling problem (MDVSP) was proved to be NP-hard even for two depots (see Bertossi et al. (1987) ). Some exact algorithms, presented by Fischetti et al. (1989) , Forbes et al. (1994) and Kliewer et al. (2006) , were able to solve instances with up to thousands of trips. Pepin et al. (2009) presented and compared five representative heuristics: a tabu search, a large neighborhood search, a truncated column generation, a Lagrangian heuristic and a truncated branch-and-cut. The instances were composed of 1500 trips and up to 8 depots. Guedes and Borenstein (2015) applied an improved column generation method to solve the multi-depot multi-vehicle type scheduling problem. Otsuki and Aihara (2016) proposed an algorithm based on a variable depth search framework, which could find better results than previous local search based heuristics.
Maintenance scheduling is a combinatorial optimization problem for which several methods have been proposed, such as genetic algorithms, simulated annealing, integer programming, and branch-and-bound techniques (Adonyi et al., 2013) . The majority of the relevant scientific literature deals with maintenance in manufacturing, but a portion concentrates specifically on bus maintenance. A mathematical programming approach was introduced by Haghani and Shafahi (2002) . Their model aims at designing daily maintenance schedules for buses so as to minimize interruptions to the daily operating schedule and maximize the utilization of the maintenance facility. Zhou et al. (2004) proposed a multi-agent model that not only generates good schedules but can also react dynamically to unforeseen events.
Most integrated models in the transportation literature focus on integrating the problems of vehicle scheduling and crew scheduling. A few models in the airline transportation literature consider maintenance integration (e.g., Safaei and Jardine (2017) , Papadakos (2009) and Barnhart et al. (1998) ). However, none of those models can be applied directly to a mileage-based maintenance system used in bus transportation.
Problem Description
In this section we describe the integrated maintenance and bus scheduling problem, and then we propose a mathematical formulation.
Nomenclature
Before we propose a mathematical model for the integrated maintenance and bus scheduling problem, we define the following terms:
• Trip: a planned journey from one depot to another;
• Arc: a feasible connection between two trips that can be executed by the same bus;
• Maintenance: a period of time, between trips, when a bus needs to be out of service for repair;
• Duty: a feasible sequence of trips executed by a bus (an empty sequence is considered feasible);
• Schedule: a feasible assignment of duties and maintenance tasks to buses.
A deadhead usually signifies a travel of a bus between two depots without a passenger (i.e., an out-of-service travel); however, for convenience, we also use this term throughout this paper to represent an empty travel between the same depot so that every arc from a trip to another corresponds to the deadhead travel of a bus necessary to execute both of the two trips.
The integrate bus and maintenance scheduling problem
We are given a set of n trips J = {1, 2, . . . , n}, a set of m buses B = {1, 2, . . . , m}, a set of l depots L = {1, 2, . . . , l}, the maximum mileage µ max that a bus can travel without maintenance, the minimum mileage µ min that a bus must travel prior to maintenance (i.e., the mileage between two successive maintenance events for a bus must be in the interval [µ min , µ max ]), the amount of time θ spent on a maintenance task, and the number of maintenance tasks η l that can be performed simultaneously at depot l ∈ L. For each trip j ∈ J, we are also given the starting time τ s ( j), the ending time τ e ( j), the starting location λ s ( j), the ending location λ e ( j), and the total distance ∆( j) of the trip. Even if two trips have the same starting and ending locations, they need not have the same duration or distance. The minimum (deadhead) distance D min (l 1 , l 2 ) and the minimum (deadhead) duration T min (l 1 , l 2 ) between two depots are given for all l 1 , l 2 ∈ L. For each bus b ∈ B, we are given an ideal traveling distance d * b , a penalty coefficient α, and the initial mileage δ b that signifies the distance traveled since the most recent maintenance before the scheduling period. For each depot l ∈ L, we are given the number r * l of planned daily maintenance tasks, and a penalty coefficient β l . The problem requires duties to be assigned to buses in such a way that a weighted sum of the following objectives over all buses b and facilities l is minimized: * b and 2. the number of executed maintenance tasks in excess of r * l .
In such a schedule, the following constraints must be satisfied:
(a) Each trip is assigned to exactly one bus.
(b) Each bus does not perform more than one duty.
(c) The interval between two consecutive maintenance tasks for a bus is not more than µ max and not less than µ min .
(d) For each depot l ∈ L, the number of simultaneous maintenance tasks does not exceed the capacity η l .
(e) Each maintenance task is scheduled either immediately before or after a trip and at either the starting or ending location.
Quadratic integer programming
Let trips 0 and n + 1 be dummy trips, and define the following notation:
• d i j : the distance traveled when executing trip j after trip i, that is,
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• A: the set of arcs representing all possible deadhead travels,
• A t 1 ,t 2 : the set of arcs (i, j) ∈ A such that trip j starts in time interval
• M: the set of arcs representing deadhead travels during which maintenance is possible,
l : the set of arcs (i, j) ∈ M such that a maintenance task can be executed immediately after trip i that ends in
l : the set of arcs (i, j) ∈ M such that a maintenance task can be executed immediately before trip j and can be started in time interval
We define the decision variables that will be used in the mathematical programming formulation:
1 if j is the first trip executed by bus b 0 otherwise;
1 if i is the last trip executed by bus b 0 otherwise;
1 if trip j is executed after trip i by bus b 0 otherwise;
1 if maintenance for bus b is done immediately after trip i before starting the deadhead travel to the starting location of trip j 0 otherwise;
1 if maintenance for bus b is done immediately before trip j after the deadhead travel from the ending location of trip i 0 otherwise.
We also define the auxiliary variables:
w b : the distance traveled by bus b in excess of d * b ; z lt : the number of executed maintenance tasks in excess of r * l in depot l on day t. Figure 4 illustrates the sets defined above for an example in which there are three depots 1, 2 and 3 and three trips a, b and c from depot 1 to 2, 2 to 3, and 2 to 1, respectively. In Fig. 4 , the trips that can be done after trip a are b and c, and the trip that can be done after b is only c. Thus the set of all possible arcs A (i.e., feasible pair of trips that can be executed by the same bus) is composed of arcs (a, b), (b, c) and (a, c). The set A 20,22 is composed of the arcs such that the trip after the deadhead starts in the time interval [20, 22] , and hence A 20,22 = {(a, b)}. Suppose that the time θ required to execute a maintenance task is three hours, and the time to travel from depot 3 to 2 is one hour. Then the arcs that have enough time to execute maintenance tasks are (b, c) and (a, c), and thus M = {(b, c), (a, c)}. For arc (b, c), the maintenance task can be executed in depot 3 after trip b in the time interval [23, 26] or in depot 2 before trip c in the time interval [24, 27] . For arc (a, c), the maintenance task can be executed after trip a in depot 2 in the time interval [21, 24] or before trip c in depot 2 in the time interval [24, 27] . The set P 0,24 2 (resp., R
0,24
2 ) is the subset of M such that a maintenance task can be executed in depot 2 immediately after a trip that ends in the time interval [0, 24) (resp., [0, 24] Vol.12, No.3 (2018) be executed immediately before a trip to depot 2 and can be started in the time interval [0, 24) (resp., [0, 24] ); hence Q 0,24 2 = ∅ and S 0,24 2 = {(b, c), (a, c)}. Suppose that there are two buses and that trip a and c are assigned to one bus and trip b is assigned to the other bus; in this case, the duties are the sequences of trips (a, c) and (b). Fig. 4 Example of the defined set of arcs For convenience, we say that bus b travels arc (i, j) if trips i and j are both executed by bus b and j is executed by b immediately after i. We also say that maintenance is scheduled for arc (i, j) if maintenance is scheduled before or after the deadhead corresponding to the arc (i.e., after trip i and before the deadhead, or after the deadhead and before trip j).
We consider the following QP problem, in which constraint (c) is relaxed to a necessary condition for the simplicity of the formulation:
b∈B j:(i, j)∈A
i:(i, j)∈A
The objective function (1) minimizes the weighted sum of the squared distances traveled beyond d * b for all buses and the squares of the number of executed maintenance tasks in excess of r * l for all depots, where α and β l are penalty weights that specify the balance between the terms. The reason that we adopt quadratic penalty in the objective function (1) is explained as follows. Suppose that Fig. 5 represents the total traveled distance of two buses in two different schedules. Because it is more preferable to reduce the exceeding mileage uniformly among buses, Fig. 5 (a) represents a better schedule than Fig. 5 (b) . If we linearly penalize the distances traveled by buses 1 and 2 in excess of d * 1 and d * 2 , both schedules have the same penalty cost w 1 + w 2 = w + w = 2w and w 1 + w 2 = 0 + (2w) = 2w. On the other hand, the quadratic objective function penalizes the schedule in Fig. 5 (b) higher: the cost for the schedule of Fig. 5 (a) is w (5) ensure that the value of z lt is equal to the number of executed maintenance tasks in excess of r * l when z lt is minimized. Constraints (6) and (7) define the initial and final locations of each bus, and constraints (8) and (9) mean that each trip (except the dummy trips) is covered exactly once by one bus. Equation (10) is the statement of flow conservation for each bus.
Constraints (11)- (14) are related to maintenance. Constraint (11) ensures that no maintenance for bus b is scheduled for arc (i, j) unless the arc is traveled by bus b. Constraints (12) and (13) are necessary conditions for condition (c), which requires the interval between two maintenance tasks to be not less than µ min and not more than µ max . The necessary and sufficient conditions are too complex to be written concisely in an integer program. Finally, constraint (14) ensures that not more than η l maintenance tasks are executed simultaneously at depot l.
Proposed Method
This section describes the proposed method. We first introduce two greedy heuristic algorithms that are used in our GRASP heuristic to generate initial solutions. Next, we present the penalty function and define the neighborhoods used in the local search procedure. Then, we present the proposed heuristic based on the GRASP framework, and a method to reduce the number of neighbors to be examined in the local search procedure.
Randomized Concurrent Scheduler Algorithm
We extend the well-known greedy heuristic process known as the concurrent scheduler algorithm proposed by Bodin (1981) . We call the extended algorithm the randomized concurrent scheduler (RCS). The pseudocode of the RCS is given in Algorithm 1. The RCS begins by making copies J and B of the given set of jobs J and that of buses B, respectively (line 2 of Algorithm 1). Then the list of trips are sorted chronologically according to their starting times (line 3), and from this list, trip j is chosen randomly (line 6). For the first trip among the trips that start after trip j has been completed, the Fukushigue Hama, Wu and Yagiura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.3 (2018) algorithm chooses the trip k with the earliest start time among those that can be executed after trip j (line 10). The next trip after trip k is selected in the same way, and this process is repeated until no more trips can be executed. Restarting from the above-mentioned trip j, the algorithm selects the latest-starting trip that can be executed before trip j (line 15), and this process is repeated until no more trips can be executed. This process of constructing a duty can be executed O(n) time, because the trips are sorted in line 3 and hence lines 10 and 15 can be done in O(n) time in total per duty, by tracing the sorted list twice, once for line 10 during the entire repetitions of lines 8-13, and once in the opposite direction for line 15 during the entire repetitions of lines 15-21. Of the available buses, the devised duty is assigned to the one whose ideal traveling distance is closest to the distance of the devised duty (line 23). (The algorithm proposed by Bodin (1981) is a special case of Algorithm 1 such that in line 6, the the earliest possible trip in J is chosen as trip j, and the operation of growing the duty in the opposite direction (i.e., lines 15-21) is not contained). At the end, if there are trips that remain unassigned, they are added to a trip set N (line 26). We explain how we handle the unassigned trips in N in Section 4.3. 
Random Greedy Assignment Algorithm
We propose another greedy algorithm, which we call the random greedy assignment (RGA) algorithm. Whereas the RCS greedily arranges trips so as to reduce the intervening time interval, the RGA greedily assigns trips to buses so that the overall difference in mileage among the buses is minimized. The pseudocode of the RGA is given in Algorithm 2. The RGA begins by making copies J and B of the given set of jobs J and that of buses B, respectively (line 2 of Algorithm 2). Then the list of buses B is sorted in non-increasing order of ideal traveling distance (line 4). The RGA randomly chooses a trip i from an unassigned trip set J (line 5), and the algorithm tries to assign trip i to the bus at the beginning of the bus list. If the bus cannot execute trip i, the RGA tries to assign trip i to the next bus in the bus list until it finds a bus to execute trip i (while loop in line 7). For a trip that is not able to be assigned to any bus in the bus list, we remove it from J and add it to a trip set N (lines 10 and 11). If trip i is assigned to bus b, the ideal traveling distance of bus b is reduced Fukushigue Hama, Wu and Yagiura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.3 (2018) by the distance traveled and this process is repeated until the list J becomes empty (while loop in line 3). We explain how we handle the unassigned trips in N in Section 4.3. 
Penalty Function
Allowing the search to visit the infeasible region alleviates the difficulty of searching solely within the feasible region, which we encounter in those instances whose feasible region is very small or consists of many separate small regions. It is known that such strategy produces good results (see Yagiura et al. (2004) ).
Consider the following reasons for a solution being infeasible: (a) a bus is required to execute more than one trip at the same time; (b) more than η l maintenance tasks must be executed simultaneously in depot l ∈ L; (c) maintenance is required to occur either before µ min or after µ max ; (d) not all trips are assigned.
In the local search procedure, we allow the search to visit solutions that violate (c) and (d) above, and we penalize the degree of violation. Given penalty coefficients γ and κ, the evaluation function f (S ) for solution S is defined to be the sum of the following four parts:
Local Search
A local search is a heuristic method for solving computationally hard optimization problems. Local search algorithms begin with an initial solution S and then move repeatedly to a better solution S with respect to f in a neighborhood N(S ), which is the set of solutions obtainable from S by applying local changes (i.e., neighborhood operations) to S , until no better solution exists in the neighborhood. The neighborhoods used in our local search are as follows:
• insert neighborhood N ins (S ) = {S | S is obtainable from S by adding one trip after another},
• swap neighborhood N swp (S ) = {S | S is obtainable from S by exchanging a trip of one bus with a trip of another bus},
• add neighborhood N add (S ) = {S | S is obtainable from S by adding a maintenance task before a trip}∪{S | S is obtainable from S by adding a maintenance task after a trip},
• remove neighborhood N rem (S ) = {S | S is obtainable from S by removing a maintenance task}, Fukushigue Hama, Wu and Yagiura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.3 (2018) 
Results
We compared the results obtained using Gurobi with those obtained using GRASP and GRASP * (see Table 4 ), where the latter two were run until T ime limit elapsed. For each method, the time given in Table 4 is the time at which the best solution was found. It can be seen that our algorithms performed well for small instances. For every instance that Gurobi solved exactly, our algorithms obtained an optimal solution in less time. For every instance for which Gurobi could not find an optimal solution, our algorithms found better upper bounds. Although we relaxed constraint (c) in the QP model, we noticed that the solutions found by Gurobi for the tested instances with ID 1-10 fulfill constraint (c). We compared the extent to which our improved search method reduces the neighborhood size. For different instance sizes, we ran GRASP and GRASP * with 10 initial solutions that were chosen randomly but were the same for both procedures. We counted the number of times that the insert and swap local searches were called, and we counted the number of neighbors visited in each call. The average neighborhood size is the total number of visited neighbors divided by the number of calls. The results given in Table 5 indicate that our method reduced the size of the neighborhood by a factor greater than 90% for most large instances. To examine how much the computation time was reduced with our improved search method, we ran GRASP until T ime limit elapsed. Next, we ran GRASP * until an equal or better solution was found. The results given in Table 6 indicate that our method reduced the computation time by an average of 70%. 
Conclusion
We presented a new model that integrated the problems of bus scheduling and maintenance scheduling. The objective was to minimize the mileage differences between buses, the total distance traveled, and the differences in the number of daily maintenance tasks. We formulated the problem as a QP problem and solved it using a commercial optimization solver. We observed that the solver could not find an optimal solution (in our computational environment) for instances Fukushigue Hama, Wu and Yagiura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.3 (2018) with more than 30 trips. We then proposed a GRASP heuristic with two different greedy algorithms for generating an initial solution. In the GRASP, we incorporated a method to improve the neighborhood search procedure by using an ordered list. This method reduced the size of the neighborhood appreciably without losing any improved solutions in the neighborhood. The results for small instances showed that our GRASP could find optimal solutions in much shorter computation times compared with the commercial solver. For instances whose optimal solutions were not known, our algorithm found better upper bounds than those found by the commercial solver.
